ON THE COMPARISON OF CLASSICAL AND SPECIAL RELATIVISTIC SPACE-TIME One way o f comparing t w o theories T,T* is t o r educe T t o T ' in a formal sense.Much has been written about different intuitions on reduction and several meta-scientific concepts of reduction have been proposed; but f e w examples have been used by way of detailed examination in order t throw light on those meta-scientific concepts. 9 )
Of course, there are numerous examples o f reduction in the ordinary (i .e. "non-metal1) scientific 1iterature.But usually meta-scientific concepts of reduction cannot be directly applied t o such examples: the "ordinary" treatments may be t o o vague,too sloppy,too incomplete,or they may use special assumptions so that actually only very small fragments of t h e theories are involved.
This problem o f application is well known from ordinary science,and usually part o f its solution consists in an interplay between reality (as given by examples) and scientific concepts. At the beginning there are usually a f e w examples which an author uses a s paradigms in order t o introduce his concepts.But once the concepts are presented there are attempts t o apply them t o other "new" cases a s well .If difficulties arise then either the concepts may be kept unchanged and the new examples have t o be "twistedl',or the new example can be taken as "experimenturn crucis", and the concepts have t o b e adjusted.
This interplay also takes place at the metalevel o f the philosophy of science,and I believe that with respect to reduction we are still at a rather early stage of it.Much attention will have t o be given to examples,and t h e present volume is only a first attempt in that direction. 
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My aim in this paper is to present a formally elaborated example of reduction in which the theory of classical space and time (CT) is reduced to the theory o f special relativistic space-time (RT). Since the reduction to be employed will be strict, i.e.not approximative,the question of adequacy arises very pressingly because "every physicist" will say that the appropriate reduction relation of CT to RT has t o be an approximative one.In the presence of this considerable opposition I will try to defend my example as a genuine case of reduction by considering the various objections that might be raised.In this way I hope to shed some light on the general concept of reduction without subscribing to any one of the existing formal notions.Also,the discussion will contribute t o a clarification of the concept of classical space-time and its relation to Galilei-invariance.As far as I know,this is the first comparison o f space-times on the axiomatic level (as opposed t o the "group theoretic" level).The surprisingly easy way of defining a reduction relation p in this setting should be regarded as an argument for paying more attention to axiomatic analysis which in investigations of space-time at the moment is completely suppresed in favour of group theoretical methods.
I GENERAL NOTIONS
Today in physics space-time structures are characterized with respect to their corresponding invariances.Roughly and generally, one starts with some structure x=<D,R ,..., R > consisting of a set 1 m D and relations R on D.Automorphisms of x are i those bijective functions cp :D + D which preserve all R.,i.e. These characterizations are then "transferred" t o non-mathematical structures by means of group isom0rphisms.A structure x is identified by means of its transformation group being isomorphic t o some well known transformation group of a given mathematical structure. For instance ,some structure is a Galileian space-time iff its transformation group is isomorphic t o the group formed by Galileitransformations on IR3 plus affine transformations of IR.In order to demonstrate that some "direct" characterization (as opposed to an indirect via transformation groups) is adequate it is sufficient to show that the transformation group of a model thus characterized is isomorphic to the corresponding mathematical group accepted by physicists.
It turns out that such direct aroofs are complicated, and it is easier t o show that any structure x under consideration is isomorphic t o a given mathematical structure y which has the known transformation group. For if this is so then the two automorphism groups (of x and of y ) are isomorphic ,too.
I will use a slightly more general set-up which is a ve sion of ~ourbaki's "species of s t r u~t u r e s " .~r What has just been outlined then takes the following form.
A theory T consists of a class of potential models M and a class o f (proper) models M : P T=<M ,M> where M C M . l'... ,vko $k>. The result indicated above holds in this more general setting,too: if x and x ' are isomorphic then so are Aut(x) and Aut(x').
I1 CLASSICAL THEORY OF SPACE AND TIME (CT)
Dl n is a potential model o f CT ( X E Mp(CT)) iff -x=<S,T; lR;Q ,~, 6 > and 1 ) S and T are non-empty sets,and disjoint 2) < . G T x T 3) T:T x T + I R 4) 6 :~ x s x s + IR S is the set of points of space,T the set of instants.The intended meaning of < , r a n d 6 is this. t Gt' means that t is earlier than t', ~(t,t' )=a means that the period o f time between t and t ' (as measured by some clock) has length a , and 6(t ,a,b)=a means that at time t the distance between a and b is a .
If N is a set and d : N X N -+ lR then m d t N 3
and E d C N are defined by
:T x s x S + IR and t E T then 6(t) :S x S -+ I R is CLASSICAL AND SPECIAL RELATIVISTIC SPACE-TIME 335 defined by 6(t) (a,b)= 6(t ,a,b) .The meaning of bet (a,b,c) 2 ) for all t E T : < S , 6(tj> and < T , T > are metric spaces,and Q is a linear order 3 ) <T,bet,,ET> is a 1-dimensional Euclidean geometry 4) for all t E T : <S,bet -6(t), r 6(t)> i s a 3-dimensional Euclidean geometry 5) 5) for all t,tO E T : 6(t)=6(t0)
We can best imagine a model as a "series" of identical copies of 3-dimensional spaces where T provides the indices. T can be visualized by a straight line on which an ordering 4 and a distance r is given.At each instant t the corresponding space <S,bet
> satisfies all the axioms of Euclidean geometry.If we omit T from 6 then we would just have two metric spaces put together. This couldn't be called a "space-timeT' because in such a structure we could not formulate expressions O$ the form "at t the distance o f a and b is a ".
By making 6 dependent on t we obtain the possibility of formulating such expressions.0n the other hand the time-dependence of 6 is immediately withdrawn by means of D2-5) which requires 6 , i n fact, not to depend on t properly. The effect is a "rigidv space-time consisting essentially of the cartesian product of "space" and "time".
Some further comments may be helpful. I think in spite of these small deviations one can say that CT is "essentially" represented by , and thus is "essentially" Newtonian space-time.
The immediate objection now is that "classical space-time" has to be Galilei-invariant so that the full group of Galilei-transformations, and not its sub-group $ , is the appropriate transformation group.The objection has three parts.First,as a sociological statement,one simply observes that most physicists today hold that classical spacetime is Galilei-invariant. Second, from an historical point of view, one may argue that in the period leading t o and including the introduction of classical mechanics space-time was regarded as Galilei-invariant. Third, from a systematic point of view, a comparison of CT with RT (or other theories) may suggest that we look for Galileitransformations as a counterpart t o Lorentztransformations. I will consider the three items in turn.
As to the first point, I agree that physicists today require classical space-time t o be Galileiinvariant. But philosophy of science is not the same as sociology of science and what constitutes an unshakable fact for the latter may be of less importance for the former. I believe that this first part of the objection is the least important one, and is outweighed by the other two. I will argue that with respect to the other parts classical space-time should not be Galilei-invariant but only be invariant under the elementary group.
From an historical point of view it seems t o me that Galilei was the first t o point out that mechanical (i.e.dynamica1) events will be the same if taking place in or being perceived from two different frames of reference moving relative to each other with constant velocity.During the development of Newtonian mechanics,too, Galilei-invariance in this special sense always turned up with considerations of mechanical systems ("dynamics"). In the course o f such considerations spacetime was always presupposed,i.e. the properties of space and time were assumed t o be already known.
S p a c e w a s r e p r e s e n t e d b y E u c l i d e a n g e o m e t r y a n d t i m e b y a s t r a i g h t l i n e ( i f a t a l l ) , a n d t h e r e w a s n o i d e a o f t h e r e l e v a n c e o f t h e s t a t e o f m o t i o n o f a n o b s e r v e r f o r t h e p r o p e r t i e s o f s p a c e a n d t i m e . T h e l a t t e r s t a t e m e n t i s c o m p a t i b l e w i t h t h e f a c t t h a t t h e d i s c u s s i o n o f i n e r t i a l f r a m e s o f r e f e r e n c e a s a m a t t e r o f d y n a m i c s p r e c e d e d t h e a d v e n t o f s p e c i a l r e l a t i v i t y . I am n o t i n a p o s it i o n t o g i v e a d e t a i l e d h i s t o r i c a l a c c o u n t o f t h i s t o p i c . B u t u n l e s s h i s t o r i c a l a r g u m e n t s t o t h e c o n t r a r y a r e p u t f o r w a r d I c o n c l u d e t h a t , h i s t or i c a l l y , c l a s s i c a l s p a c e -t i m e i s a d e q u a t e l y r e p r es e n t e d b y t h e e l e m e n t a r y g r o u p .
T
h i r d , m y f o r m u l a t i o n o f RT i n t h e n e x t s e c t i o n i s e s p e c i a l l y s u i t e d t o m a k i n g c l e a r why t h e r e i s a s y s t e m a t i c d r i v e f o r G a l i l e i -i n v a r i a n c e o n t h e c l a s s i c a l s i d e . Any m o d e l o f R T " i m p l i c i t l y t t c o nt a i n s some f r a m e o f r e f e r e n c e W . B u t W i s n o t u n i q u e l y d e t e r m i n e d b y t h e o t h e r p a r t s o f t h e m o d e l , a n d a c h a n g e o f W i n g e n e r a l w i l l n o t l e a v e u n a f f e c t e d t h e v a l i d i t y o f t h e a x i o m s . So i n RT i t i s n a t u r a l t o c o n s i d e r t r a n s f o r m a t i o n s o f c o o r d in a t e s r e l a t i v e t o d i f f e r e n t f r a m e s o f r e f e r e n c e w h i c h a r e p o s s i b l e i n o n e m o d e l . T h i s l e a d s t o
Lorentz-transformations. One i s t e m p t e d t o l o o k f o r a s i m i l a r f e a t u r e a t t h e s i d e o f CT. T h i n g s l o o k d i
f f e r e n t l y f r o m d i f f e r e n t f r a m e s o f r e f e r e n c e , a n d o n e w o u l d l i k e t o know how t h e c o o r d i n a t e s t r a n s f o r m u n d e r c h a n g e s o f t h e f r a m e o f r e f e r e n c e .
I n o r d e r t o p e r f o r m s u c h i n v e s t i g a t i o n s i t i s
n e c e s s a r y o n t h e c l a s s i c a l s i d e t o i n t r o d u c e d i f f e r e n t f r a m e s o f r e f e r e n c e . T h i s c a n b e d o n e , b u t o n l y a t t h e p r i c e o f i n t r o d u c i n g a new b a s i c c o n c e p t . I n t h e m o d e l s o f CT o n l y o n e f r a m e o f r e f e r e n c e c a n b e d e f i n e d i n a n a l o g y t o W i n RT, n a m e l y { { < a , t > / t E ~) / a E s } . I f we w a n t t o t a l k a b o u t d i f f e r e n t c l a s s i c a l f r a m e s we a r e f o r c e d t o u s e f u r t h e r c o n c e p t s n o t a v a i l a b l e i n CT. T h u s t h e r e i s a f o r m a l d i s t i n c t i o n b e t w e e n RT a n d C T . F o r a p o t e n t i a l m o d e l o f RT t h e r e a r e many d i f f e r e n t p o s s i b l e f r a m e s o f r e f e r e n c e W w h i c h make i t i n t o a m o d e l . F o r a p o t e n t i a l m o d e l o f CT t h e r e i s o n l y o n e p o s s i b l e f r a m e , n a m e l y t h e o n e d e f i n e d a b o v e , a n d t h i s f r a m e i s n o t n e c e s s a r y f o r s t a t i n g t h e a x i o m s . I n t u i t i v e l y , i n RT t h e b a s i c s t u f f t h e m o d e l s a r e f o r m e d o f ( E a n d -( ) h a s t o b e e n r i c h e d b y f u r t h e r e n t i t i e s ( w ) i f we w a n t t o e x p r e s s t h e f u l l c o m p l e x i t y o f t h e m o d e l s . I n CT n o s u c h a d d i t i o n a l e n t i t i e s a r e n e e d e d . A g a i n , w h a t was s a i d h e r e i s c o m p a t i b l e w i t h s t a t i n g t h a t t h e s t a t u s o f G a l i l e i -t r a n s f o r m a t i o n s i n m e c h a n i c s i s i n d e p e n d e n t o f r e l a t i v i s t i c t h e o r i e s .
One way o f o b t a i n i n g a G a l i l e i -i n v a r i a n t t h e or y f r o m CT i s t o e n r i c h CT b y f r a m e s o f r e f e r e n c e . M o d e l s t h e n w o u l d h a v e t h e f o r m < S , T ; IR; ,~, 6
, F > w h e r e F i s a p a r t i t i o n o f S XT s a t i s f y i n g f u r t h e r r e q u i r e m e n t s t o t h e e f f e c t t h a t F i s j u s t a " b u n d l e " o f p a r a l l e l s t r a i g h t l i n e s s o t h a t t h e l i n e s a r e n o t " o r t h o g o n a l " t o T . I t i s c l e a r t h a t d i f f e r e n t F'S c a n make some g i v e n m o d e l o f CT i n t o a m o d e l o f t h e new t h e o r y , a n d a l l t h e s e F ' s c a n b e o bt a i n e d f r o m e a c h o t h e r b y Galilei-transformations.
I t i s n o t d i f f i c u l t t o s h o w t h a t t h i s t h e o r y i n f a c t i s r e p r e s e n t e d b y t h e g r o u p o f G a l i l e i -t r a n sf o r m a t i o n s i n t h e s e n s e o f S e c . 1 . B u t i t i s a l s o c l e a r t h a t t h e new c o n c e p t o f a f r a m e o f r e f e r e n c e i s n o t l i n k e d i n a n y i n t e r e s t i n g way t o t h e " o l d " c o n c e p t s ; i t i s a d d e d a d h o c . T h e r e i s n o i n t r i n s i c
c o n n e c t i o n b e t w e e n F a n d t h e o t h e r c o n c e p t s , i n c o n t r a s t t o t h e c o n n e c t i o n b e t w e e n W a n d E , < i n R T . The o n l y s y s t e m a t i c r e a s o n f o r G a l i l e i -i nv a r i a n c e o f t h e c l a s s i c a l t h e o r y c o m e s f r o m t h e s e a r c h f o r a n a n a l o g u e t o r e l a t i v i s t i c f r a m e s o f r e f e r e n c e . B u t a n y t h e o r y c r e a t e d b y t h i s a n a l o g y i s a n a r t i f i c i a l c o n s t r u c t w h i c h h a s n o s t a n d i n g on i t s own -i n c o n t r a s t t o CT. As f a r a s I c a n s e e a l l o t h e r a r g u m e n t s f o r G a l i l e i -i n v a r i a n c e o f c l a s s i c a l s p a c e -t i m e c a n b e t r a c e d b a c k t o t h e t h r e e . j u s t m e n t i o n e d . F o r i n --s t a n c e , i t may b e s a i d t h a t s p a c e -t i m e t h e o r y a n d t h e f u l l t h e o r y o f c l a s s i c a l m e c h a n i c s f o r m a n i ns e p a r a b l e u n i t , s o t h a t t h e i n v a r i a n c e s o f m e c h a n i c s a r e a l s o r e l e v a n t f o r t h e u n d e r l y i n g s p a c e -t i m e . T h i s i s t h e s a m e k i n d o f r e a s o n i n g b y a n a l o g y f r o m RT a s we j u s t m e t b e f o r e . A g a i n , o n c l o s e r i ns p e c t
i o n , t h i s v i e w i m p o s e s f e a t u r e s o n t h e c l a s s i c a l t h e o r y w h i c h s e e m t o b e a d d e d a d h o c a f t e r t h e i n v e n t i o n o f RT.
To s u m m a r i z e , t h e n , I w o u l d s a y t h a t h i s t o r i c a l a n d s y s t e m a t i c a l c o n s i d e r a t i o n s f a v o u r c l a s s i c a l s p a c e -t i m e a s b e i n g r e p r e s e n t e d b y t h e e l e m e n t a r y g r o u p , t h a t t h e s e t w o a s p e c t s a r e m o r e i m p o r t a n t t h a n t h e s o c i o l o g i c a l o n e , a n d t h a t , t h e r e f o r e , C T i s a n a d e q u a t e r e c o n s t r u c t i o n o f c l a s s i c a l s p a c et i m e .
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THE SPECIAL RELATIVISTIC THEORY OF SPACE-TIME ( R T ) D 3 x i s a p o t e n t i a l m o d e l o f RT ( x E M ( R T ) ) i f f -x = < E ; < > a n d P 1 ) E i s a n o n -e m p t y s e t 2 ) < c E x E E i s t h e s e t o f e v e n t s a n d < i s t h e s o c a l l e d " c a u s a l r e l a t i o n f ' . e < e O m e a n s t h~j a s i g n a l c a n b e s e n t f r o m e v e n t e t o e v e n t e' . Some n o t a t i o n n e e d s t o b e f i x e d f o r t h e f o l l o w i n g . L e t X = < E ;~ > E M ( R T ) . I f X S E a n d e l , e 2~ E we w r i t e I f e l < e 2 " P f o r " e l < e 2 o r e 1 = e 2 l 1 . W e s a y t h a t e i s a n u p p e r ( l o w e r ) b o u n d o f X i f f f o r a l l e E X : e l < e ( e d e l ) 1 We w r i t e e = i n f i X ( e = s u p d X ) i f f e i s a l o w e r ( u p p e r ) b o u n d o f X a n d f o r a l l l o w e r ( u p p e r ) b o u n d s e 2 o f X : e 2 < e ( e < e 2 ) . X i s c a l l e d b o u n d e d i f f X h a s a n u p p e r a n d a l o w e r bound.We w r i t e " e & e " f o r 1 2
e ( e'.( e 2 ) " w h i c h m e a n s t h a t a s i g n a l s l o w e r t h a n l i g h t c a n b e s e n t f r o m e t o e 2 . 1 I f x E M ( R T ) we s a y t h a t W i s a f r a m e f o r x i f f ( 1 ) W i s P a p a r t i t i o n o f E , ( 2 ) f o r e a c h w E W t h e r e a r e f u n c t i o n s f w : E -+w a n d g w : E + W s o t h a t f o r a l l e E E : 
I n t u i t i v e l y , W c a n b e i m a g i n e d a s a b u n d l e o f p a r a l l e l s t r a i g h t l i n e s r u n n i n g " t i m e -l i k e " ( w r t . 2 ) -( i s t r a n s y t i v e a n d e . i e' i m p l i e s 7 e ' 4 e 3 ) f o r a l l w E W a n d a l l X c w : i f X i s b o u n d e d t h e n t h e r e a r e e l , e 2 s o t h a t e = i n f < X , 1 e = s u p < X , e E w a n d e E w 2 1 2 4) f o r a l l w E W a n d a l l e , e ' E E : i f e E w a n d
< )
e' E w t h e n ( e = e O v e e e ' v e ' e e ) 5 ) f o r a l l w E W a n d e E E t h e r e a r e e l , e 2 s o t h a t e -( e 4 e 2 a n d e l , e 2 E w 6 ) f o r a l l v , u E W : i f U # V t h e n f a n d g u / v v / u a r e i n v e r s e t o e a c h o t h e r 7) <W;betx, -> i s a 3 -d i m e n s i o n a l E u c l i d e a n X g e o m e t r y 8 ) f o r a l l u , v , u O , v ' E W:
v / w 1 0 ) f o r a l l w E W t h e r e i s a c o u n t a b l e a n d 
-a -3 ) w h i c h I c a n n o t p r o v e i n ~a m l a h ' s s y s t e m . T h i r d , I h a v e a d d e d D4-a-11) w h i c h i s e s s e n t i a l f o r t h e p r o o f o f T 2 ) . Axiom 3 ) i s n e e d e d i n o r d e r t o p r o v e t h a t t h e d e f i n i n g c o n d i t i o n s f o r f a n d g i n f a c t , W
w ' g u a r a n t e e u n i q u e n e s s , t h a t i s , f w a n d g w , i n f a c t , a r e f u n c t i o n s .
) r e q u i r e s e a c h w o r l d l i n e t o r u n t h r o u g h t h e t i m e -l i k e s e c t i o n s o f t h e l i g h t c o n e s , a n d 5 ) r u l e s o u t a b s o l u t e b o u n d a r i e s w r t . . f U , v i n 6 ) d e n o t e s t h e r e s t r i c t i o n o f f t o v . R e q u i r e m e n t 6 ) i s o f m o r e t e c h n i c a y c h a r a c t e r . The f u n c t i o n s f a r e w e l l d e f i n e d ( o n t h e b a s i s o f t h e W p r e v i o u s a x l o m s ) a n d u n i q u e l y d e t e r m i n e d i n x . So
t h e b e t w e e n n e s s a n d c o n g r u e n c e r e l a t i o n s bet a n d X i n 7 ) a r e w e l l d e f i n e d , t o o . 8 ) e x p r e s s e s a X k i n d o f i n v a r i a n c e . I t m a k e s no d i f f e r e n c e w h e t h e r a s i g n a l t r a v e l s v i a w o r l d l i n e s u ' , v n , w , u , v t o w o r a l t e r n a t i v e l y v i a u , v , w , u ' ,v' : t h e e v e n t o f a r r i v a l a t w w i l l b e t h e same i n b o t h c a s e s .
S i m i l a r l y , i t m a k e s n o d i f f e r e n c e t o g o t o w b y way o f u a n d v o r v i a v a n d u . T h e s e c o n d i t i o n s a l s o g u a r a n t e e t h a t t h e w o r l d l i n e s o f W a r e " s t r a i g h t 1 ' . C o n d i t i o n 9 ) r e q u i r e s t h a t t h e w o r l d l i n e s a r e d e n s e i n E ( w r t . < ) : i n e a c h n e i g h b o u r h o o d o f e a c h f w t h e r e i s a n o t h e r f v . 1 0 ) g u a r a n t e e s t h a t w o r l d l l n e s h a v e t h e r i g h t c a r d i n a l i t y ( u s e d f o r m a p p i n g t h e m o n jR b i j e c t i v e l y )
. R e q u i r e m e n t l l ) , f i n a l l y , e n f o r c e s t h a t a l l w o r l d l i n e s o f W a r e " p a r a l l e l " t o e a c h o t h e r .
I n m o d e l s o f RT we c a n i n t r o d u c e c l o c k s , s i m u l t a n e i t y a n d a " s p a c e -l i k e " m e t r i c a s f o l l o w s .
D5
L e t x = < E ; < > E M ( R T ) , l e t W b e a f r a m e f o r x -a n d w E W . P a )
Q w i s a c l o c k f o r x ( r e l a t i v e t o w ) i f f CLASSICAL AND SPECIAL RELATIVISTIC SPACE-TIME 343
Ow :w + I R is bijective and for all u E W and e,e' E W: 1 ) e 4e' iff QW(e) < oW(e') 2) Qw(fw(fU(e)) ) -w (e)= Qw(fw(fU(e' ) ) )-Qw(e' ) b) If Q w is a clock for x relative to w then simo :w + Pot (E) is defined by: e ' E sim ( e )
, w @ ,w iff e=e' or there exist v E W and e ,e2 E w such that ( 1 ) e ' E V , (2) e l < e 4 e 2 , (3) e'=fv(el) and e 2 =fw(e' ) , (4) dx v w (u,u') is the spatial distance between world lldeB u and u'.
With respect t o RT the question of adequacy is easier to settle. There is common agreement that the causal Minkowski-structure 4 < I R ; < > with <al,..,a4> < <PI , . . ,P4 > iff C C is a model (indeed,-model) o f RT. The automorphism group of this structure is the group of Lorentz-transformations,as was indicated already by Weyl.9) Our scheme of Sec .I, however, cannot be directly applied to these structures. For I R~ gets 
W. BALZER i t s s t a n d a r d m e a n i n g o n l y t h r o u g h a d d i t i o n a l r e l at i o n s ( l i k e < , + , ' , 0 , 1 ) w h i c h a r e n o t m e n t i o n e d i n d~~; < c > , a n d t h e s e r e l a t i o n s a r e k e p t f i x e d when
L o r e n t z -t r a n s f o r m a t i o n s a r e c o n s i d e r e d . S o I R~ h e r e h a s t h e s t a t u s o f a n a u x i l i a r y b a s e s e t , a n d t h e r ef o r e n o p r o p e r b a s e s e t a t a l l i s i n v o l v e d . B u t w i t h o u t a b a s e s e t t h e r e a r e n o a u t o m o r p h i s m s i n t h e s e n s e o f S e c . 1 .
F o r t u n a t e l y , i t i s e a s y t o m o d i f y t h e s t r u ct u r e < I R~; < > i n a n e q u i v a l e n t 6 ) for all t,t' E T : t Q t ' iff 3 e,e' E w(t=sim (e) A t'=sim (e' ) A e < e ' 0 ,w 0 > w 7) for all t ,t' E T and a E IR: ~( t , t ' ) = a iff 3 e,e' E w(t=sim ( e ) A t O = s i m (e' ) 0 ,w @ ,w A 0 (e' ) I , = . . . 
way s o t h a t t h e m o d i f i e d v e r g i o n w i l l f i t i n t o t h e B o u r b a k i s c h e m e . C o n s i d e r t h e s t r u c t u r e x=CR; < R > w h e r e R i s a s e t a n d t h e
IR p r e s e r v i n g < , t h e n L i s i s o m o r p h i c t o A u t ( x ) . An i s o m o r p h i s m A : L + A U~( X ) i s g i v e n
T5 F o r a l l x E M ( C T ) t h e r e i s Y E M ( R T ) s o t h a t
- x p Y . ~6 N o t : f o r a l l x , y , i f Y E M ( R T ) a n d x p y t h e n - X E M ( C T ) . T7 Not ( V X , X ' , Y ( < X , Y > E p ,\ < x ' , Y > E p -, x = x O ) ) a n d n o t ( v x , Y , y O ( <x , Y > E p <x , y O > E p + Y=Y' ) ) .
Lemma 1 F o r e a c h w E W t h e r e i s a c l o c k
Ow f o r y r e l a t i v e t o w , a n d O w . i s u n i q u e l y d e t e r m i n e d up t o l i n e a r t r a n s f o r m a t i o n s . P r o o f : S e e ( K a m l a h , 1 9 7 9 ) , p p . 4 4 8 i n a s l i g h t l y d i f f e r e n t n o t a t i o n m Lemma 2 { s i r n ( e ) / e~ E } i s a p a r t i t i o n o f E . F o r 03w a l l e E E a n d v E W: sirn ( e ) n v i s a s i n g l e t o n , 0 > w a n d i n p a r t i c u l a r s i m ( e ) 0 w = { e 1 .
Q , w P r o o f : ( 1 ) I t i s e a s y t o s h o w t h a t t h e r e l a t i o n d e f i n e d b y e ' e O i f f 3 e ( e , e '~s i m ( e l ) ) i s a n 1 6 . w A < e q u i v a l e n c e r e l a t i o n o n E . ( 2 ) e' E s i m ( e l a n d Q , w e' ~s i m ( e 2 ) i m p l y e l = e 2 , b e c a u s e t h e e v e n t s r e -Q , w ( e ) a n d e + e ' i t f o l l o w s Q, w t h a t t h e r e i s a n e l s u c h t h a t e ' = e < e , a n d i n t h e 1 s a m e w a y , t h a t t h e r e i s a n e s u c h t h a t e 4 e 2 = e'.
2
From t h e s e t w o s t a t e m e n t s we o b t a i n e ' = e 4 e 4 e 2 = e ' 
+ + + +
T h e r e a r e e l , e 2 E w s u c h t h a t e l < e -( e a n d
f ( e ) = e 2 ) . Ch
t h a t e 1 < e 2 ' @ w ( e 2 ) -Q w ( e l ) = @ w ( e 2 ) -O w ( e ; ) a n d 0 w ( e 2 ) -@ w ( e ) = O W ( e ) -Q W ( e , ) = 1 / 2 ( Q W ( e 2 ) -O W ( e l ) ) .
The d e f i n i t i o n o f 0 i m p l i e s e 2 = f w ( f v ( e l ) ) a n d t h e r e f o r e ( w i t h e ' = f v ( e l ) ) : e' E s i m ( e ) , t h a t @ . w i s , s i m Q ( e ) n v # d . S u p p o s e e ' , e "~ s i m ( e ) n v .
. w
@ , w
Then e ' = f ( e l ) a n d e = f w ( e ' ) , s o e l E u n v , a n d , u 2 b e c a u s e W i s a p a r t i t i o n , u = v . T h u s we o b t a i n e ' = f v ( e l ) A Q w ( e ) = 1 / 2 ( @ , ( e 2 ) + @ w ( e l ) ) , a n d i n t h e . . same w a y : e = f v ( e ; ' ) A O w ( e ) = l / ? ( @ w ( e ; ' ) + @ , ( e ; ' ) ) . S u p p o s e e'< e" . T h e n f v ( e l ) < f v ( e ; ' ) ,
s o e 2 i e" n e l 4 e;' , f r o m w h i c h we o b t a i n 2 @ , ( e 2 ) < ( e < @ , ( e ; ' ) . B u t t h i s t o g e t h e r w i t h @ , ( e 2 ) < @,(e;') a n d Q w ( e l ) < O w ( e ; ' ) i s i m p o s s i b l e , s o n o t e ' 4 e" . I n t h e same way we o b t a i n n o t e" 4 e' f r o m w h i c h i t f o l l o w s , f i n a l l y , t h a t e' =e" P Lemma 3 T h e r e i s p r e c i s e l y o n e m e t r i c d f o r y r e l a t i v e t o v , w .
Y , V , W P r o o f : T h i s i s t h e w e l l known R e p r e s e n t a t i o n T h e o r e m f o r E u c l i d e a n g e o m e t r y . 
2'
So i n ~6 -a -6 ) , e a n d e' a r e u n i q u e l y d e t e r m i n e d b y t a n d t ' . T h a t i s a m e t r i c i s c h e c k e d w i t h t h e h e l p o f lemma 2 ) a n d t h e t r i a n g l e i n e q u a l i t y i n IR. T h a t 6 ( t ) i s a m e t r i c f o l l o w s f r o m t h e f a c t t h a t ( 1 ) m T ( t l ,t2,t ) iff 3 e l ,e2,e3E w 3 (t .=sim ( e i ) A e l $e2 < e 3 ) and ( 2 ) t , t 2 ET t3t4 @, w iff g e l . . .e4 E w(t .=sim (e4) 1). NOW let bet and -on w be defined by: bet(el ,e2 ,e3) iff e < e2 < e 3 and 1 e~e 2 -e3e4 iff /Qw(e, ) -0 w(e2) I= I @ w (e 3 ) -0 w ( e 4 ) .
From ( 1 ) and ( 2 ) Our claim about p is that p constitutes a reduction of CT to RT. and therefore P is a "reduction relation". Such a claim can be attacked on various lines, and I will consider several objections in turn.
A first objection against p as a reduction relation is that it is strict -as opposed t o "approximative". In one way this objection may be seen as another version of the objection of Sec. I1 against CT not being Galilei-invariant. The reasoning seems to be this. If classical spacetime is Galilei-invariant then it can only be approximatively reduced to RT.So Galilei-invariance on the classical side seems to be sufficient for approximative features of reduction. This is. I think, the intuitive basis of the objection though I do not know how t o substantiate it in the absense of generally accepted conditions on all possible forms of reduction. But it is clear why the reasoning has so much credit: because of the approximative relation between the corresponding groups of Galilei-and Lorentz-transformations. This kind of objection is just a corollary to the one in Sec.11, and if it is conceded that CT is adequate (without being Galilei-invariant as I have argued in Sec.11) then the present objection becomes pointless. To put it differently: if there is a strict reduction relation P between CT and RT (as the one just presented) then its strictness need not count as an inadequacy of p but can be seen as an inadequacy of CT to represent classical space-time (being not Galilei-invariant). The same point is reinforced by observing that the Galileiinvariant extension of CT mentioned in Sec.11 can be reduced to RT in an approximative way. (it is tempting to add "and only in an approximative way" but, again, such a statement seems difficult t o s u b s t a n t i a t e . ) A n y w a y , t h i s p o s s i b i l i t y a g a i n s h o w s t h a t a p p r o x i m a t i o n o f r e d u c t i o n g o e s t og e t h e r w i t h G a l i l e i -i n v a r i a n c e o n t h e c l a s s i c a l s i d e .
Now o p p o n e n t s m i g h t c o n c e d e t h a t CT i s a n a d e q u a t e r e c o n s t r u c t i o n a n d s t i l l i n s i s t t h a t my p i s n o t a r e d u c t i o n r e l a t i o n . T h i s a m o u n t s t o s a y i n g t h a t t h e p e m p l o y e d d o e s n o t h a v e t h e p r op e r t i e s w h i c h a n a d e q u a t e r e l a t i o n s h o u l d h a v e . S i n c e t h e r e i s a c o n s i d e r a b l e v a r i e t y o f d i f f e r e n t c o n c e p t s o f r e d u c t i o n , i t w i l l n o t s u f f i c e t o s h o w t h a t P c a n b e s u b s u m e d u n d e r o n e o f t h e m : t h e o b j e c t i o n m i g h t b e s u s t a i n e d b y u s i n g a d i f f e r e n t c o n c e p t o f r e d u c t i o n . G i v e n t h i s s i t u a t i o n I w i l l g o t h r o u g h some o f t h e d i f f e r e n t r e q u i r e m e n t s p r o p o s e d b y d i f f e r e n t a u t h o r s a n d comment on t h e i r b e a r i n g o n t h e p r e s e n t e x a m p l e .
F i r s t , t h e r e i s t h e t r a d i t i o n a l c o n d i t i o n o f d e r i v a b i l i t y o f t h e l a w s o f t h e r e d u c e d t h e o r y f r o m t h o s e o f t h e r e d u c i g t h e o r y " a f t e r t r a n sl a t i o n " w h i c h b y A d a m s l 0 7 was e x p r e s s e d a s f o l l o w s :
w h e r e p r e d u c e s T t o T' , p i M x M' . T3 ) a b o v e a t t e m p t s t o e s t a b l i s h t h i s c o R d i t P o n f o r t h e p r e s e n t e x a m p l e b u t i t d o e s n o t s u c c e e d c o m p l et e l y . S t r i c t l y , ( 1 ) f a i l s , f o r t h e f r a m e W emp l o y e d i n e s t a b l i s h i n g t h e r e l a t i o n x P y may b e d i f f e r e n t f r o m t h e o n e w h i c h m a k e s y a W m o d e l o f R T ( s e e ~6 ) a b o v e ) . I f W i s c h o s e n p e r v e r s e l y e n o u g h t h e n " x E M ( C T ) " d o e s n o t f o l l o w a n y l o n g e r . l ) T h i s i s a p u z z l i n g r e s u l t , a n d i t w o u l d b e h e l p f u l t o s e e w h e t h e r t h e d i f f e r e n c e b e t w e e n ( 1 ) a n d ~3 ) h a s t o d o -a n d i f s o , i n w h i c h way p r e c i s e l yw i t h t h e d i f f e r e n c e b e t w e e n " s t r i c t t 1 a n d " a p p r o x i m a t i v e " r e d u c t i o n . F o r someo n e t a k i n g c o n d i t i o n ( 1 ) a s n e c e s s a r y f o r r e d u ct i o n , my p c a n n o t b e a r e d u c t i o n r e l a t i o n .
S e o n d , t h e r e i s S n e e d ' s c o n d i t i o n o f u n i q u e -. I 2 7 n e s s .
T 7 ) a b o v e s a y s t h a t ( 2 ) i s n o t s a t i s f i e d i n t h e p r e s e n t e x a m p l e . B u t I d o u b t w h e t h e r t h i s c o n d it i o n c a n b e i m p o s e d g e n e r a l l y . I n t u i t i v e l y , S n e e d j u s t i f i e s t h e r e q u i r e m e n t a s e x p r e s s i n g t h a t t h e r e d u c i n g t h e o r y g i v e s a m o r e d e t a i l e d p i c t u r e o f r e a l i t y . B u t t h i s p r o p e r t y i s n o t e q u i v a l e n t l y e x p r e s s e d b y ( 2 ) . C o n d i t i o n ( 2 ) may b e s u f f i c i e n t f o r T' g i v i n g a m o r e d e t a i l e d p i c t u r e t h a n T b u t ( 2 ) c e r t a i n l y i s n o t n e c e s s a r y f o r t h i s p r o p e r t y t o h o l d . The " f i n e r " p i c t u r e o f T' may b e " c o a r s e n e d " i n d i f f e r e n t w a y s s o t h a t t h e o u tc o m e s s t i l l a r e o f t h e s a m e s t r u c t u r e ( a s shown b y t h e p r e s e n t e x a m p l e ) . I n g e n e r a l , I s e e n o a r g u m e n t f o r c o n d i t i o n ( 2 ) t o b e s a t i s f i e d f o r a l l r e d u c t i o n r e l a t i o n s . a n d I w o u l d h e s i t a t e t o e xc l u d e n o n -u n i q u e r e l a t i o n s o n a p r i o r i g r o u n d s .
h i r d , t h e r e i s t h e c o n d i t i o n t h a t t o e a c h m o d e l o f t h e r e d u c e d t h e o r y t h e r e c o r r e s p o n d s -v i a Pa m o d e l o f t h e r e d u c i n g t h e o r y :
R e q u i r e m e n t ( 3 ) i s e s s e n t i a l f o r Ma r ' s a c c o u n t a n d c a n b e t r a c e d b a c k t o S u p p e s . 3) See (Bourbaki, 1968) ,pp.259.
4) For further explanations compare my set-theo-
retic (as opposed to Bourbaki's rather idiosyncratic "syntactic") treatment of species of structures in (Balzer,1984) . See (~arski,1959) . I assume here that Tarski's A13) is always replaced by the corresponding second-order version, namely the formula on p.18 1oc.cit. By an appropriate change of the axioms of dimensionality we easily obtain the axioms for 1-dimensional Euclidean geometry used in D2-3). More precisely,we have to omit A I I ) and ~1 2 ) and add (in Tarski's notation):
5)
VXYZ [ P (xyz) v P(yxz) v Nxzy)]. 6) Compare (~alzer,1982) ,Chap.III. 7) Terminology is taken from (~e~1 , 1 9 2 3 ) ,~. 1 4 2 .
According to (~h l e r s , 1973 ) this group is characteristic for Newtonian spacetime. . By using such a modified RT, condition ( 1 ) for reduction can be proved for some 0' modified along the same lines. The resulting version of RT, however, is open t o criticism concerning its adequacy for the automorphism groups of its models are not pre-
